Here we will consider a similar question for the mediants (or secondary convergents, or intermediate convergents) of x ; these are defined by for integers B , 0 < B < B, (n > 2 ) . In particular, we will derive in $1 for almost all x the limiting distribution of the sequences {@)P' (x)):, for every B , where @ y ) ( x ) is given by and $4 we collect some (previously known) results, especially concerning the approximation by nearest mediants, that follow from the method employed. In particular, we show how to retrieve Fatou's theorem, stating that every rational number P / Q for which QlQx -PI 5 1 is either a convergent or a nearest mediant of x .
In the following we will always assume rationals P / Q (and L / M ) to be in lowest terms, i.e., that gcd(P, Q) = 1 and that Q > 0 . Whenever a result is stated for almost all x , this is meant to be in the Lebesgue sense.
APPROXIMATION BY MEDIANTS
The main tool we will use is a variation on a theme that first appeared in [l] and was used in several papers thereafter. The theme consists of considering the sequence {(T, (x), v , ( x ) ) }~, for an irrational number x , where T, (x) is given by
, En+,' . . 'I and V,(x) by 
and this gives
by a computation similar to the above. To find the distribution function G (~) , we have to normalize, i.e., we have to divide in each of the cases by
This completes the proof of (1.9).
Remark. The special case B = 1 of Theorem (1.9) yields the result that was found as Lemma 2.24 in [7] .
In this section we look at the approximation of an irrational number x by all of its mediants and convergents simultaneously.
be as in (1.9) . Then for thefunction H ( z ) dejined
Proof. Let GiB'(z) be as in (1.9) for i = 0 , .. . , 4 . Suppose first that 5 z 5 1 ; let the positive integer k be determined by & 5 z < $ . Then
For 1 < z we let the integer k be such that k 5 z < k + 1 . Then
1).
For any irrational x we introduce the following notation for the collection of all convergents and mediants of x : 
U ( A '~' ( Z ) )= -F ( z )
. log 2 Denoting the whole space by A,, these combine to
1).The distribution function H(')(z) is now found from the definitions of F ( z ) and H ( z ) and by scaling: ( C ) H ( z )= F ( z )+ H ( z ) F ( C )+ H ( C ) ' This proves (2.2).

APPROXIMATION BY NEAREST MEDIANTS
In this section we look at the approximation of an irrational number x by its nearest mediants, that is, by the mediants with B = 1 or with B = B,, -1 . Since the case B = 1 is contained in Theorem (1.9),we look here at B = Bn- 1 . . We leave the details to the reader. 
We enumerate the elements of F ( x ) again after ordering them by increasing denominators; thus every fraction L,/M, in 9 is a final mediant of x , and = Y~J(z).
C ; -I = l l o g ( ( B n + 1 ) 2 1~n (~, + 2 ) ) logID=2
Suppose first that < z < $ ; then Next, let < z < 1 ; let the positive integer k be determined by < z < & . Then (just as in the proof of (2.1))
~h~F or 1 5 z 5 2 we let the integer k be such that
This completes the proof of (3.2).
Next, we look at the sequence of Q's coming from convergents and nearest mediants of a given x . Let M ( x ) denote the collection of convergents and nearest mediants:
for some n ,
I
enumerated in order of increasing denominators M . Proof. We consider convergents and nearest mediants now, so it is clear from their definitions that
if we denote by C ( z ) the function that gives the distribution of O's in case that the first and the final mediants coincide, that is if Bn = 2 (see the remark before Theorem (3.1)). To find C(z) , we have to evaluate (cf. ( 1.6) and ( 1.10)). For z < f this equals
For $ < z < 1 we find that and a straightforward calculation of
in this case, as in the proof of (1.9), leads to 1
If we use this with (0.5), Theorems (1.9) and (3.2) in (3.4) we immediately get the function K ( z ) as in the statement of the theorem.
(3.5) Remarks. In [4] , Ito proved the part of (3.3) with z < 1 . Using this, he was able to prove that for 0 < A < 1 : gcd(p, q ) = 1 a n d q < n (for almost all x ) . In fact, this holds for arbitrary A 2 0 and is known as Erdos' theorem (see [2] ). Jager proved all of Theorem (3.3) in [7] ; there, he also gives an alternative proof for the part of Erdos' theorem with 0 < A 5 1 , using Fatou's theorem (see $4 below). Notice that K ( z ) = 2 F ( i ) .
THEOREMS OF LEGENDRE AND FATOU
The linear part in the distribution function F of (0.5) for 0 5 z < reflects the fact that the convergents to any x include all rationals P / Q for which QlQx -PI < $ ; this is known as Legendre's theorem, and it is part (i) of Theorem (4.1) below, cf. [5, 2, 41 . Since the distribution function in (3.3) is linear up to z = 1 , one wonders whether this indicates that for every x all rationals satisfying Q l Q x -PI < 1 are among the set of convergents and nearest mediants to x . This is indeed the case, and it seems that this was first observed in [3] , where it is stated without proof. The first proof, apparently, appeared in a paper by Koksma (see [8 and 91 ). Fatou's theorem is part (ii) of Theorem (4.1) Theorem. Let x be an irrational number and P / Q a rational number ( Q > O and gcd(P, Q ) = 1 ) .
Proof. The proof consists of twa parts; first we show (using Koksma's argument) that if 6 is not a convergent or mediant, then necessarily Ql Q x -PI > 1 . For, in this case we can find integers n > 0 and B (0 5 B < B,) such that 6 lies between P' BP,-, + q -2 and -P" -(B+1)P,-1+P,,-2 Q' -Be,-, + Q,-, But on the other hand, 1 P" P P -< ---< x --QQ" -Q" Q Q 7
we would get 1 1
m'd
and thus Q" > Q , a contradiction.
In the second part of the proof we therefore consider only convergents and mediants of x . By (1.9)(i)we have @LB' > f for any n if B > 0 ; this finishes the proof of (4.l)(i).
It remains to prove that QlQx -PI < 1 can only hold for convergents and nearest mediants; thus suppose that and suppose, moreover, that B > 2 in
We will show that in that case, B = Bn -1
By (1.81, the inequality Q1Qs -P = Q?) < 1 is equivalent to This completes the proof of (4.1).
